The sums k j=0 w rj+s u mj+n z j , k j=0 w rj+s v mj+n z j and k j=0 w rj+s w mj+n z j are evaluated; where r, s, k, m and n are arbitrary integers, z is arbitrary, (w i ) is the Horadam sequence; and (u i ) and (v i ) are the Lucas sequences of the first kind, and of the second kind, respectively.
Introduction
The Horadam sequence [1] (w n ) = (w n (a, b; p, q)) is defined, for all integers, by the recurrence relation w 0 = a, w 1 = b; w n = pw n−1 − qw n−2 (n ≥ 2) ; (1.1) with w −n = (ap − b)u n − aqu n−1 bu n − aqu n−1 q −n w n , ( 2) or, equivalently, w −n = q −n (av n − w n ) ; (1.3) where a, b, p and q are arbitrary complex numbers, with p = 0 and q = 0; and (u n (p, q)) = (w n (0, 1; p, q)) and (v n (p, q)) = (w n (2, p; p, q)) are Lucas sequences of the first kind, and of the second kind, respectively. The most well-known Lucas sequences are the Fibonacci sequence, (f n ) = (u n (1, −1)) and the sequence of Lucas numbers, (l n ) = (v n (1, −1)).
Our main goal in this paper is to evaluate the following sums: w rj+s w mj+n z j , where r, s, k, n and m are integers and z is arbitrary.
In particular, we will prove that k j=0 w rj+s z j = q r w rk+s z k+2 − w rk+r+s z k+1 − q r w s−r z + w s q r z 2 − v r z + 1 , yielding immediately,
w rj+s z j = w s − q r w s−r z q r z 2 − v r z + 1 as the generating function of Horadam numbers with indices in arithmetic progression.
Denote by α and β, the zeros of the characteristic polynomial x 2 − px + q of the Horadam and Lucas sequences. Then
4)
α + β = p, α − β = p 2 − 4q and αβ = q .
(1.5)
The Binet-like formulas for u n , v n and w n are 6) and
Thus, w n = bu n − aqu n−1 , (1.8)
which also implies that
It also follows that
and
Properties of Lucas sequences can be found in the book by Ribenboim [4, Chapter 1]. The Mathworld [7] and Wikipedia [8] articles are also good sources of information on the subject, with many references to useful materials. The books by Koshy [2] and by Vajda [6] are excellent reference materials on Fibonacci numbers and Lucas numbers.
Lemma 1.
The following identities hold for integers j and k:
Proof. We have
Lemma 2. The following identity holds for arbitrary x and y and integers k, r and s:
Proof. The identity follows from the addition or subtraction of the following variations on the geometric progression summation identity:
Lemma 3. The following identities hold for integers r, m, n, s, k and arbitrary x, y, and z:
(1.17) where
Proof. Extending (1.14) and (1.15), we write
Identities (1.16) and (1.17) then follow by choosing c = rj + s and d = mj + n in the identities
and summing over j.
Main results
Theorem 1 (Sum of the terms of Lucas sequences with indices in arithmetic progression). The following identities hold for integers r, k and s and arbitrary z:
Proof. Choose x = α and y = β in Lemma 2.
Corollary 2 (Sum of Horadam numbers with indices in arithmetic progression).
The following identity holds for integers r, k and s:
Proof. Set n = rj + s in identity (1.8), multiply through by z j , sum over j and make use of identity (2.1) of Theorem 1.
By dropping terms proportional to z k in identities (2.1), (2.2) and in the identity of Corollary 2, in the limit as k approaches infinity, we have the results stated in Corollary 3.
Corollary 3 (Generating functions of Lucas sequences and of the Horadam sequence with indices in arithmetic progression). The following identities hold for integers r and s:
Theorem 4 (Sums of products of the terms of Lucas sequences with indices in arithmetic progression). The following identities hold for integers r, n, s, k, m:
Proof. Set x = α and y = β in the identities of Lemma 3.
Corollary 5 (Generating functions of the products of terms of Lucas sequences with indices in arithmetic progression). The following identities hold for integers r, n, s and m: + q 2r+m+n w s−r u m−n z 3 − (q r+n w s u 2m−n − q r+m v r w s−r u n )z 2 + (q n v r w s u m−n − q r w s−r u m+n )z + w s u n , (2.14)
(2.15)
Proof. Replace z in the identity of Corollary 2 by α m z and multiply through the resulting identity by α n , obtaining
(2.17) Subtraction of (2.17) from (2.16), making use of Lemma 1, gives identity (2.14) while addition of (2.16) and (2.17) yields identity (2.15).
Corollary 7 (Sum of products of Horadam numbers with indices in arithmetic progression).
The following identity holds for integers m, k, r, n and s:
w rj+s w mj+n z Proof. Sum the identity w rj+s w mj+n z j = bw rj+s u mj+n z j − aqw rj+s u mj+n−1 z j over j, making use of identity (2.14).
Corollary 8 (Generating functions of products of terms of the Horadam sequence and the Lucas sequences).
The following identity holds for integers m, k, r, n and s: We require the following identities:
Lemma 4. The following identities hold for nonnegative integer n, integers r, s and k and arbitrary x, y and z:
3)
Proof. By the binomial theorem and a change of the order of summation, we have
Interchanging x and y in (3.7) gives
Addition of (3.7) and (3.8) gives identity (3.1), while their subtraction gives identity (3.2). The proof of (3.3) -(3.6) is similar.
Theorem 9 (Sums of powers of the terms of Lucas sequences with indices in arithmetic progression). The following identities hold for integers r, s and k, nonnegative integer n and arbitrary z:
Proof. Set (x, y) = (α, β) in (3.1), (3.3) and (3.5) and make use of Theorem 1.
In particular, we have n i q i v n−2i z − 2 q n z 2 − q i v n−2i z + 1 .
(3.14)
Stănică [5] obtained results which may be considered equivalent to (3.12) and (3.13). We remark however that his expressions still contain the irrational numbers α and β.
Dropping terms proportional to z k , in the limit as k approaches infinity, we obtain the generating fuctions given in Corollary 10. 
